The method of matched asymptotic expansions is used to solve for the free surface of a thin liquid drop draining down a vertical wall under gravity. The analysis is based on the smallness of the surface tension term in the lubrication equation. In a region local to the front of the drop, where the surface curvature is large, surface tension forces are significant. Everywhere else, the surface curvature is small, and surface tension plays a negligible role. A numerical time-marching scheme, which makes no small surface tension assumptions, is developed to provide a datum from which to gauge the accuracy of the small surface tension theory. Agreement between the numerical scheme and the small surface tension theory is good for small values of surface tension. Extension to the propagation of drops by spinning and by blowing with a jet of air is also discussed. It is shown that there are inherent similarities between all three spreading mechanisms.
I. INTRODUCTION
The conceptually simple problem of a drop of liquid falling under gravity down a vertical wall has long proved difficult to analyze. The fundamental difficulty lies in the formulation of the problem since the classical "no-slip" boundary condition fails to predict the advancing contact line of the falling drop along the wall. The question of what the natural boundary condition at the contact line should be, indeed if one exists even at all, is difficult to answer, and, although a lot of work has been done in an effort to resolve this question, the rest&s have been controversial, and the issue still remains unsettled.
One way to circumvent the problem of the contact line is to eliminate it all together. In other words, if one assumes that the drop is infinite, in the sense that it extends infinitely far down the wall with finite but small thickness, then the classica "no-slip" boundary condition can be applied at every point along the wall. For coating flow problems, when the aim very often is to study the way in which an extra quantity of fluid moves down an already wet wall, such an assumption is, in any case, actually required.
Even when our interest is really in a finite drop on a "dry" wall, this proposition is not as ad hoc as it may sound. Experiments on advancing contact linesls2 have indicated the presence of an unseen precursor layer of fluid ahead of the contact line only angstroms thick. Recently, Koplik et al., 3 in a molecular dynamic simulation of flow behavior at moving boundaries, reported a jet of fluid being emitted at the contact line, consistent with these earlier observations. Indeed, it has been argued by physical chemists that the presence of a precursor layer is a very real phenomenon, arising as a consequence of evaporation from the drop in a small region local to the contact line, followed by diffusion and adsorption. [4] [5] [6] [7] Consequently, this paper will be concerned solely with determining the time evolution of droplet profiles that propagate down already "wet" walls. To this end, when we refer to the "front" of the drop, we mean the point where the droplet assumes the precursor layer thickness. Furthermore, although our analysis is valid for precursor layers of arbitrary (not necessarily small) thickness, our interest is primarily in coating flows where the layer ahead of the drop front is always thin.
Motion of the droplet is governed by a force balance between viscosity, gravity, and surface tension at the free surface; since the flowb is slow and viscous, inertia can be neglected. Surface tension, however, is really only significant in regions on the small meniscus length scale at the front of the drop. Everywhere else, the surface curvature is small, and surface tension plays a relatively minor role. Such a picture forms the main analytical basis of the present paper, which is an asymptotic theory for "small" surface tension.
In a region far from the front, called the "outer" region, we assume that there is zero surface tension. As the front is approached in this region, the forward face of the drop steepens, eventually becoming vertical, and finally tends to break, just like an ocean wave. These steepening effects involve rapid and localized increases in the free surface curvature, and will be vigorously resisted by surface tension, however small.
Since the coefficient of surface tension multiplies a curvature term containing a high derivative, this limit is a singular one, and we must expect boundary-layer or shocklike behavior. This shock forms at a finite time after the flow commences. The "outer" limit is then valid everywhere except within a thin layer that is localized close to the steepening and falling front of the drop. Within this thin layer, called the "inner" region, the flow involves balances between all three forces, but has the simplifying feature that it is, to a leading-order approximation, steady in a frame of reference fixed in the advancing front, i.e., the profile of the front is invariant as it propagates. The role of the inner limit is then to keep the surface curvature finite by invoking significant surface tension forces, while bringing the layer thickness down from its relatively large outer value to the small pre-cursor film value. This asymptotic picture holds for "small" surface tension. Specifically it holds whenever surface tension forces are small compared to viscous and gravitational forces. If the characteristic length scale is L and the thickness scale H, as determined by the initial drop shape, then the appropriate small parameter will be seen to be 8 = aH/pgL 3, where cr is surface tension, p density, and g gravity. We choose to define eas the cube root of the quantity on the right of this expression, because it turns out that the size of the inner region is of the order of E times L.
This idea that surface tension only becomes significant on a meniscus length scale at the front of the drop is not new. It was first suggested by Huppert' in 1982 , however his analysis in the inner region was incorrect. Troian et ai.,' in a study of thin-film instabilities,-corrected Huppert's analysis of the inner region, and used a self-similar (large time) solution to describe the flow in the outer region. Most recently, Melo et al." have used similar concepts to analyze spinning flows, although they do not obtain a solution for the inner region.
In none of these analyses, however, have the inner and outer solutions been used to construct a composite solution that is uniformly valid over the entire flow domain. The present work seeks to rectify this. Furthermore, where the previous studies focus on the instabilities of thin films due to small perturbations in the cross stream direction, this paper is more of an extensive study of the actual spreading mechanism of thin liquid films. In this vein, we have not restricted ourselves to one spreading mechanism alone. Specifically, the present analysis incorporates three spreading mechanisms, namely draining, spinning, and blowing by a jet of air. We show that there are common characteristics in all three mechanisms. These common characteristics manifest themselves in the capillary waves which develop at the front of the *-propagating films.
In spite of the broad focus, however, for reasons of clarity and simplicity, we take the liquid drop falling downhill under gravity as the canonical problem, and the related mechanisms of spinning and blowing are treated as modifications of this. The first few sections of the present paper are therefore concerned with developing the asymptotic theory for the downhill problem, and extension of the theory to incorporate the spinning tind blowing problems is treated in latter sections.
A finite-difference time-marching scheme that solves the full (unapproximated) initial value problem provides computations from which to gauge the accuracy of the small-surface-tensionasymptotic theory. The program thus makes no assumptions on the smallness of 8 and is therefore capable of propagating a drop under circumstances in which surface tension is actually dominant. However, it should be noted that the parameter e3 is in practice almost always very small. We describe the numerical scheme and, for each mechanism, we compare the numerical computations to those provided by the small-surface-tension asymptotic theory.
II. PROBLEM FORMULATION
Consider a drop, draining under gravity down a rigid, vertical, impermeable wall, as shown in Fig. 1 . Gravitygacts in the downwards x direction and the wall is wetted ahead of the drop with a film of thickness h = h,, so that the no-slip condition applies everywhere along the wall. The flow is two dimensional, and the fluid is Newtonian and incompressible, having viscosityp and densityp. Surface tension aacts along the free surface of the drop.
Our task is to solve the initial value problem for the unsteady evolution of the free boundary y = h (xJ), for any given initial drop shape. Normally this would require solving the full Stokes equation for slow viscous flows. However, by making the standard lubrication approximations of depth-averaged flux and "thinness" of the drop,' * the height of the drop at any given x location can be determined by the equation of mass conservation,
where q, the depth-averaged flux, is given by
Combining ( 1) and (2) gives the lubrication equation,
which displays clearly the balance between the three important forces: viscosity, gravity, and surface tension. Now, if L and Hare the characteristic lengths in the x and y directions, respectively, as prescribed by the dimensional form of the initial profile h(x,O), then a sufficient set of conditions for validity of (3) is that H/L41 (4) and p'gH 4/p2L Q 1. sumption. Condition (5)) however, is not so immediate and it follows from the fact that a typical draining speed is U = pgH '/,u, (6) in terms of which (5) can be written pUL/,u<L'/H2,
i.e., the Reynolds number based on L should not be as large as the inverse square of the small parameter H /L. The condition (7) is an obvious requirement for neglect of inertia in the Navier-Stokes equation. We now nondimensionalize (3) by scaling h with H, x with L, and time t with v-= 3,uL /pgH',
to yield h, ---g (h3 + E3h3hxxx), where e3 = aH/pgL 3 (10) is a nondimensional measure of surface tension. Commonly E3 is small and we now discuss the small-e limit.
Ill. THE OUTER SOLUTION, ZERO SURFACE TENSION
In the outer region, far from the front of the drop, the radius of curvature of the drop is so large compared to the meniscus length scale that surface tension plays a relatively insignificant role. In particularly, so long as h,, <e _ ', we can neglect the term in E from (9)) and we are left with the outer approximation,
Application of the method of characteristics" gives the kinematic wave solution, as given by Huppert,'
so that h can be determined implicitly as a function of x and t, given the initial thickness h, (x) = h (x,0). Equivalently,
determines x explicitly as a function of h and t, given the function x0 (h) inverse to h, (x). For characteristic times much greater than l/h i, the effect of the initial conditions is insignificant, and the outer solution can be described by a self-similar solution, also given by Huppert.* Figure 2 shows the consequence of using ( 12b) for the parabolic initial profile,
where the plus sign applies to the forward face, and the minus sign to the rear face, of the initial profile. It can'be seen that the drop remains anchored at its right and left end points, and, as time evolves, the free surface "bends" over to the right, and the initial parabolic profile becomes elongated.
Since those parts of the profile with larger h move faster, the forward face steepens and at a certain time (just before t = 0.25 in Fig. 2 ), the forward face becomes vertical. Beyond this time, (12b) formally predicts a multiple-valued h(x,t), with a free surface shaped like a breaking wave.
There is considerable doubt as to whether what is then being predicted is correct at all, since it appears to violate the lubrication assumptions, although it does seem to anticipate drop formation rather convincingly. However, we avoid such issues here by using the solution ( 12b) in a much more limited sense. We assume that, after the time at which the front face first becomes vertical, Eq. ( 12b) correctly determines the upper branch of the free surface, up to but not beyond a certain maximum value of x, written x = xF (t) . Note that in the example ( 13)) this branch arises anly from taking the --sign, and thus originates from fluid particles lying on the rear face of the initial profile. We discard the solution corresponding to the + sign. If hF (t) is the corresponding value of h at xF (t) then, xp(t) = 3,$,(t)? + x,(h,(t)).
(14) We now assume that, in the total absence of surface tension, the layer cuts itself off sharply at the front x = xF (t). In reality, it will decrease rapidly from h = h,(t) toward the precursor layer thickness for x z=xF (t); and surface tension will no longer be negligible in such a region of high curvature. However, since we have assumed zero surface tension in this outer region, the outer solution cannot anticipate this behavior, and we must simply assume that the outer solution isgivenby (12b) forx<x,(t),andh=h,forx>x,(t).
We determine the front location x = xF ( t) by conservation ofmass considerations.'3 IfA, is the area of that portion of the initial profile lying above the precursor layer, so that, 
An important quantity is the speed W = i,(t) at which the front falls, and this can be evaluated by differentiation of ( 16). Alternatively, since the nondimensionalized flux, 4, varies like h 3, as can be seen in (2), the net flux across the front is then given by h : -h $, which must exactly balance the net mass flux acros~s the front, W(h, -h,). Thus,
IV. THE INNER SOLUTION
The inner region, which is that region close to the front of the drop, is defined by x -xF = O(E). A suitable inner coordinate is then
so that x* definesa stretched coordinate system moving with the speed of the front. To an observer in this region, the drop extends infinitely far downstream, as well as upstream, and appears essentially flat far away from the front. The new coordinate system is illustrated in Fig. 3 . Writing (9) in terms of the inner coordinates yields
where now the small parameter E appears only as the coefficient of the time derivative on the left of the equation. Since the time derivative represents the time rate of change asseen by an observer moving with the front, to leading order in E it can be neglected, leaving
which contains only x* derivatives. The profile is thus "quasisteady," in the sense that it is steady apart from the time varying coefficient W = 5~~ ( t), and an observer in the inner region will not perceive any time evolution of the profile. We integrate (20) once with respect to x* and fix the constant of integration by demanding that h = h, be a possible uniform solution (which ultimately represents matching to the outer solution as x* --+ -m ), to obtain -Wh + h 3 + h 3hx*xex* = h ; -Wh,.
(21) Using ( 17b) and removing some coefficients from the above equation by setting (23) and (24) ] for 6 = 0.1. a 377 6 + s2 -zz -__I_ ax3 v3
where 6 = h,/h, is the ratio between the precursor film thickness and the thickness at the front. Since time plays at most a parametric role [through S = s(t) ] in (23), that equation may be written as a thirdorder ordinary differential equation (ODE) in X, which can be completely specified by the boundary conditions
and 7j-d as x--+ -+ 03.
Note that, since the ODE does not contain x explicitly, the origin of x is completely arbitrary, thus eliminating the need for a third boundary condition. Solution of this boundaryvalue problem [ (23) and (24) ] is discussed by Tuck and SchwartzI and we may assume that q = 77 (~$5) is a known function of x for every choice of the parameter S. Figure 4 shows this function for S = 0.1.
V. THE COMPOSITE SOLUTION
Once the outer profile (truncated breaking wave shape) and the inner profile (solution of the third-order ODE) have been calculated, we use a multiplicative composite expansion15 to construct a solution for a profile which is uniformly valid over the entire flow domain. In particularly, if we define hcomp to be the composite solution, then h Eomp = hinwr houter /hinter >
where hinner and ho,,,, are the inner and outer solutions, respectively, and hinter is the intermediate solution that is common to both the inner and outer solutions. Notice that h,,,,, and hi,,ter are defined differently at two separate regions in the flow domain, and we need to make this distinction when constructing the composite solution. Upstream of the front, when x<x,(t), hinte, = h,, and h OUfe, is given by the solution of (12b). We denote this up-0.0 1, I I I 12 1.3 t.* I .5 1.6
x stream outer solution as h J,$,. Downstream of the front, when x > xF (t) , h,,,,, and hilltfr are equivalently the precursor layer thickness, h,. The inner solution, hinne,, is the solution to the boundary-value problem, ( 23 ) and ( 24)) rewritten in outer coordinates, so that Ainner = h,~. The composite solution is then, h camp = h :::.er (x>q(x), xe,, ' (26a) Lnp = h&x), x>x,.
(26b) Since the solution of (23) and (24)) v (xF* ), cannot be obtained in analytic form, construction of the composite solution must be done entirely numerically. We rewrite 77 in terms of outer coordinates, so that $ = q(x), and extend it far away from the front by assuming that, far up and downstream of the front, 7 attains the constant values of 1 and S, respectively. The justification in making such an assumption lies in the fact that the inner solution is wavelike in nature, and that the wave amplitude decays relatively quickly away from the front. The outer solution is calculated at each point where 7 is given, using h,,,,, (x) = h A::,,(x) upstream of the front, and ho,,,, (x) = h, downstream. The composite solution then follows from direct application of (26).
It is worth noticing that the derivative of the composite solution, (26) I is not continuous'at x = xF, and is thus not uniformly smooth over the entire flow domain. However, because we assume that the drop is relatively thin, in accordance with the lubrication approximations, the discontinuity across the front, h h$,,' 7, is, at most, order E in magnitude. Thus, to leading order, the composite solution is smooth. In fact, it would be unreasonable to expect anything better, since the inner solution, which makes up the composite solution, is, itself, only accurate to leading order.
VI. NUMERICAL SCHEME AND SOME RESULTS
In order to gauge the accuracy of the asymptotic analysis, as represented by the composite solution (26), we develop a finite difference time-marching scheme, which solves the full lubrication equation, without making any small surface tension (small E) assumptions. The moving front, x = xF (t), is established as part of the solution.
The flow domain is discretized into n cells, and loworder central differences are employed to evaluate the depth of fluid y = h (x,t), at the midpoint of these cells, with fluxes being computed at cell boundaries. This scheme is illustrated in Fig. 5 , where it can be seen that mass is strictly conserved by demanding, points, and the k superscript indicates the k th time level. The solution is marched in time using a Crank-Nicolson method, so that the evaluation of h (i) at the (k + 1) th time step is obtained according to the following numerical scheme:
where
'AX (28b) and
Note that the nonlinear h 3 term of the flux in the above equation is always evaluated at the previous time level. The governing equation is first order in time and fourth order in space, and is solved as a two-point boundary-value problem, with four boundary conditions, and one initiaI condition. The boundary conditions, applied at both ends of the flow domain, are
and h,(i) =0 at i=n. (29d) The initial condition is applied by specifying the parabolic profile (13).
The result is a pentadiagonal system of linear algebraic equations that can be solved for the fluid depth h(x,t) at each time level. A pentadiagonal solver is used to do this so that time integration is quite rapid; the magnitude of the time steps being chosen to ensure accuracy. A typical calculation on an IBM 3090, using approximately 1000 nodal points, and a time step of 0.005, requires about 20 set of CPU time.
An important aspect of the numerical scheme is that the nodal spacing, Ax, must be much smaller than the thickness of the precursor layer so that the computer can "see" the precursor film ahead of the front. If this is not the case, i.e., if Ax = O(6) or larger, the wall appears to be dry ahead of the front, and the contact-line singularity persists. This singularity becomes apparent numerically, in the sense that, when Ax > O(6), convergence under spatial refinement cannot be established. In all of our calculations, we have used a precursor layer thickness h, = 0.02, and nodal spacing Ax = 0.005. Figures 6(a) and 6(b) show computations for E = 0.1, Since we are still concerned with relatively thin, and 0.5, both at time t = 10. The profiles drawn with a solid line slowly moving drops, we may use lubrication theory to modare the asymptotic solutions, while the dashed curves with el the time-dependent evolution of the profiles. The requiresymbols are the numerical solutions. The results show good ment that the drop be slowly moving puts a limit on the agreement between the asymptotic and numerical solutions speed of rotation of the turntable in order that inertial effects forsmall E. As expected, agreement is not as good for large be negligible. The speed of the turntable is limited in a physsurface tension when the small surface tension theory breaks ical sense anyway, since the profiles become unstable at reladown.
tively high turntable speeds."
VII. SPREADING ON A SPINNING TURNTABLE
We now turn our attention to the spinning problem, where a drop of liquid on a horizontal rotating turntable propagates radially outward under the action of centrifugal force. The evolving profiles are characteristically almost flat near the center of the drop, far away from the advancing front. This has been shown experimentally by Tanner We consider the drdp on a rotating turntable, as shown in Fig. 7 . The lubrication equation governing the motion of the drop is 3ph, = -f~[pW2, 'hi+~~h~~(~(Th,) ,)], (30) where p.is the distance from the axis of rotation of the turntable and w is the speed of rotation of the turntable. All other quantities are as defined for the downhill problem. Notice that this is just an axisymmetric version of (3), with the gravity force term replaced by a centrifugal force term.
Since the profiles generated are characteristically rather flat near the center of the outwardly propagating drop, surface tension effects only become significant in a region close to the advancing front. An asymptotic picture simiIar to that used in the downhill problem can then be developed, and in this case we choose as a suitable small parameter, c' = oH/pw'R 4, (31) where R and H are the' characteristic lengths in the radial and vertical directions, respectively, which are prescribed by the initial dimensional profiles. This is analogous to the small parameter defined by (10) with Rw" being a measure of the "apparent gravity. " We nondimensionalize ( 
In the outer region, far away from the front of the drop, the curvature of the drop is small, so that the term multiplying the 2 term in the above equation is essentially negligible. Thus (33) reduces to (37) Time evolution of this initial profile is illustrated in Fig. 8 .
Note that the thickness of the precursor layer is no longer time-invariant. Solution of (34) for constant precursor layer thickness of hc at time t = 0, gives
Prediction of where to truncate the outer profile (at some point on the profile which we call r,) is thus more difficult than for the downhill problem, since now the precursor layer thickness is decreasing with time. However, since we are really only interested in cases where the precursor layer is thin, so that Since Y = r(h), through (35), (39) can be written as an equation in h,, which can be solved through iteration for h,, and hence rF. Differentiation of (39) gives the speed of the drop, IV = i,. Again, however, it is more convenient to use continuity arguments at the front of the drop to yield, 
which, when matched to the outer solution gives, -iFh+r,h3+h3h,,,,,, = -f,h,+r,hj,.
Putting h = h,g and r * = (h,/r,) "'r **, and dropping ** superscripts, reduces the leading order inner solution, which is the solution to (44)) to the solution of the boundary-value problem given by (23) and (24). That is, on a meniscus length scale moving with the drop, the spinning and downhill problems reduce to exactly the same problem. This is not a surprising result. The centrifugal body force term varies linearly with r, and thus, to leading order in the inner region, it varies linearly with rF( t), and so is a constant at any given time. The centrifugal force therefore plays the role of gravity across the inner region. Furthermore, to leading order in the inner region, an observer cannot perceive the wedge-shaped geometry of the inner region that arises due to the axisymmetric coordinate system. Thus the coordinate system of the inner region appears rectilinear. Since the different body force terms and the choice of coordinate systems are the two fundamental differences between the spinning and downhill problems, and these do not become apparent in the inner region, we would expect the two problems to permit the same inner solution.
Using (26), a composite solution is constructed for E = 0.1. Comparison between this solution and the corresponding numerical solution is shown in Fig. 9 .
VIII. SPREADING UNDER A JET OF AIR
We now turn our attention to the third spreading mechanism, which is that of blowing upon the liquid by a jet of air. This is the fundamental mechanism upon which the widely used method of spray coating is based." We consider a thin liquid drop on a horizontal wall, as shown in Fig. 10 .
The impinging jet, which is a perpendicular distance H from the wall, imparts a normal force, in the form of a pressure P(X), and a tangential force, in the form of a shear stress T, upon the surface of the drop, h = h (x,t) , causing spreading in the x direction along the wall.
In Fig. 10 , the impinging jet is drawn at an angle 0 to the wall. Although in principle, we can solve the problem for a In this case, the jet of air is immediately above the drop, and therefore we can assume that the tangential stress T is negligible compared with the normal pressure force P. This is an especially interesting case, since it falls into the same class of problems as the downhill and spinning problems, A typical form for the pressure distribution is a quadratic one,22*23 and we choose P=P,--x2, (46) where PO is a constant and A is a measure of the strength of . thejet. This is the type of pressure distribution which would have arisen ifwe had assumed the jet to be a potential stagnation point flow, or a potential image source flow with the source being far from the wall relative to the characteristic dimensions of the drop.
The lubrication equation governing the motion of ,the drop is given by ,
which is just the downhill problem, with -P' acting as "apparent" gravity. (50) Since the apparent gravity varies linearly with x for the quadratic pressure distribution given by (46)) the governing equation is actually what the governing equation for the spinning problem would be if it were in a Cartesian reference frame. But, in the spinning problem, the coordinate system is masked on the meniscus length scale anyway! Thus, on the meniscus length scale, this problem and the spinning problem are equivalent, and so they have the same inner solution.
The outer solution is again determined by the method of characteristics, and is
where x0 (h) is the inverse function of the initial profile ho (x) . We choose
so that the outer-solution is the solution to
(53) Time evolution of this profile is shown in Fig. 11 . The composite solution for this problem, which is constructed using (26),isshowninFig.
12fore=O.l.
B. Case 2: 0~0
The case of blowing upon the drop in the direction of propagation is also very interesting. In this case, the flow is primarily driven by the tangential stress imparted on the drop by thejet, and we can thus assume that Pis negligible in comparison to T.-F The free surface now supports the tangential stress r, so that the kinetic boundary condition at the free surface-is ,u C?u/ay = T. The governing equation is then 
where c3 = 2H %/3 TL '.
Note the h ' term in (56) . This is the essential difference between the governing equation for this spreading mechanism and the governing equations for the other three mechanisms. This gives rise to an inner solution that is different from the inner solution found previously. The outer solution is given by the kinematic wave equation,
where x, (h) is the inverse function of the initial profile h, (2~). Figure 13 shows the time evolution of the outer solution for the initial profile, ( 13 ) . Conservation of mass requirements are exactly the same as for the downhill problem, and thus we can use ( 16)) combined with (58), to calculate the position of the front, xF. Differentiation of (16) with respect to time will then yield the speed of the drop, W= kF( t). Alternatively, we again use continuity arguments at the front to obtain W(h,-h,)=h;-h;, (59a) so that W= h, + h,.
(5%) To obtain the inner solution we change to the inner coordinate, stretched and moving with the front, defined by ( 18). Matching to the outer solution and suitably scaling the new inner variable, leads to the leading order inner solution, which is the solution to the third-order boundary-value problem, 
boundary conditions given by (24). This third-order boundary-value problem is a slight modification to the family of boundary-value problems solved by Tuck and Schwartz,14 and is solved by perturbing the upstream boundary condition, (24a), so that,
where q= (1 -S)"'/2 (61b) and 'a is a small parameter. The downstream boundary condition is q-6 as x--t + CO.
(61~) Figure 14 shows the solution to this boundary-value problem for 6 = 0.1.
Using (26)) a composite solution is constructed, and the resulting profiles are compared to those profiles generated by the time marching scheme. Comparison for the E = 0.1 profile is shown in Fig. 15 .
It is interesting to note that the inner solution for this problem, despite differing from the standard inner solution [solution of the boundary-value problem (23) and (24) 1, still retains the same characteristic frontal behavior.
IX. DISCUSSION AND CONCLUSION
We have developed a small surface tension theory that accurately predicts the time evolution-of the free boundary of a liquid drop draining down a vertical wall. The asymptotic procedure is informative in the sense that it shows where the viscous, gravitational, and surface tension forces are dominant. At the front, the flow is governed by a balance between all three forces, whereas in the far field, far away from the front, motion is governed by a balance between viscosity and gravity, with surface tension playing a negligible role.
We have also extended the theory to incorporate the motion of a liquid drop on a horizontal spinning turntable, and the motion of a drop under the action of ajet-of air. In the spinning case, centrifugal force drives the flow radially outward; the flow being treated in a two-dimensional axisymmetric reference frame. The inner region is again stretched and moving with the speed of the drop, and, to an observer in this region, the drop appears to be in a rectilinear frame of reference. Thus, to leading order, the inner expansion is the sameas that for the sliding drop, with the centrifugal force being viewed as "apparent gravity"-apparent in the sense that it is not invariant with time. To leading order, however, this variation is not perceived.
In the airjet case, when thejet is directly above the drop, the pressure differential drives the flow radially outward. If the drop is far from the jet, so that thelocal pressure distribution is approximately quadratic, we show that on the meniscus length scale, to leading order, this problem is identical to the spinning and downhill problems.
The theory is also applied to the case when the jet of air 4 is aligned in the direction of propagation of the drop (i.e., parallel to the wall). This problem, however, does not fall into the same class of problems as the previous three, although the profiles generated possess very similar characteristics. A numerical time-marching scheme, which makes no assumptions on the smallness of surface tension, has been used for comparative analysis in all four problems. In each problem, the precursor layer thickness is chosen to be greater than the nodal spacing so that convergence under spatial refinement can be established There is good agreement in the results for small surface tension, but for larger values the agreement is not so good. This is to be expected, considering the asymptotic theory is a small surface tension theory.
Furthermore, the results for the spinning and the vertical blowing problems are not as good as for the other two cases. This is because we assume that the body forces that drive the flow outwards in these two problems are constant over the entire inner region; when, in fact, they are not. For example, in the spinning problem, the driving force is centrifugal force, given by rd. In the inner region, this force is (rF + EY *)co', which is a function of Y *, and hence not a constant.
In the spinning problem, there is an added source of error, when we treat the inner region in a rectilinear frame of reference. However, we believe that this source of error is much smaller than the error incurred by assuming that the centrifugal force remains constant over the inner region.
